Abstract. We show that the orbit closure of a directing module is regular in codimension one. In particular, this result gives information about a distinguished irreducible component of a module variety.
Introduction and the main result
Given a finite-dimensional k-algebra Λ and an element d of the Grothendieck group K 0 (Λ) of the category of Λ-modules, one defines the variety mod A study of properties of the module varieties is an interesting and important direction of research in the representation theory of algebras (for some reviews of results see [13, 17, 19] and for some more specific results see [3, 6, 8] ). In particular, the author has showed [5] that if d is the dimension vector of a directing module and Λ is tame, then mod Thus the above result naturally rises a question about the properties of O(M). We also note that O(M) coincides with the closure of the set modules of projective (injective) dimension at most 1, which is known to be an irreducible component of a module variety in many other cases (see [3, Proposition 3 .1] for details).
The question about properties of O(M) for a directing module M is a special case of another geometric problem investigated in representation theory of finite-dimensional algebras, namely, study of properties of orbit closures in module varieties (see for example [4, 9, 12, 25, 26] ). In particular, Zwara and the author proved [10] (using, among other things, the results of [7] ) that if M is an indecomposable directing module, then O(M) is a normal variety. Recall that normal varieties are regular in codimension one, i.e. the set of singular points is of codimension at least two. Thus, the following main result of the paper is the first step in order to generalize the above result about the closures of the indecomposable directing modules over the tame algebras to arbitrary directing modules over arbitrary algebras.
Main Theorem. If M is a directing module, then O(M) is regular in codimension one.
The paper is organized as follows. In Section 1 we recall definitions of quivers and their representations. We also describe properties of directing modules needed it the proof of our main result. In Section 2 we discuss interpretations of extension groups useful in geometric investigations. Next, in Section 3, we define module schemes and some schemes connected with them. Finally, in Section 4, we proof the main result of the paper.
The main idea of the proof is the following. We first observe that each minimal degeneration N of a directing module M (i.e. a module N whose orbit is maximal in O(M) \ O(M)) over an algebra Λ is of the form N = U ⊕ V for a short exact sequence
Now we use a connection between the tangent space T N mod d Λ (k) to the module variety at N and the first extension group. As a consequence, it follows that Ext
On the other hand, we show for a general minimal degeneration N of M, that if 
, and this will finish the proof.
For a basic background on the representation theory of algebras (in particular, on tilting theory) we refer to [1] . A functorial approach to schemes in algebraic geometry used in the article is explained for example in [16] .
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Preliminaries on quivers and their representations
In this section we present basic facts about quivers and their representations. We also collect facts about directing modules necessary in the proof.
By a quiver ∆ we mean a finite set ∆ 0 of vertices and a finite set ∆ 1 of arrows together with two maps s, t : ∆ 1 → ∆ 0 , which assign to an arrow α ∈ ∆ 1 its starting vertex s α and terminating vertex t α , respectively. By a path of length n ∈ N + in ∆ we mean a sequence σ = α 1 · · · α n of arrows such that s α i = t α i+1 for each i ∈ [1, n − 1]. We write s σ and t σ for s αn and t α 1 , respectively. Additionally, for each vertex x of ∆ we introduce a path x of length 0 such that
With a quiver ∆ we associate its path algebra k∆, which as a k-vector space has a basis formed by all paths in ∆ and whose multiplication is induced by composition of paths. If ρ = λ 1 σ 1 + · · · + λ n σ n for scalars λ 1 , . . . , λ n ∈ k and paths σ 1 , . . . , σ n ∈ x(k∆)y, where x, y ∈ ∆ 0 , then we put s ρ = y and t ρ = x. Such ρ is called a relation in ∆ if the length of σ i is at least 2 for each i ∈ [1, n] . A set R of relations is called minimal if for every ρ ∈ R, ρ does not belong to the ideal R \ {ρ} of k∆ generated by R \ {ρ}. A pair (∆, R) consisting of a quiver ∆ and a minimal set of relations R, such that there exists n ∈ N + with the property σ ∈ R for each path σ in ∆ of length at least n, is called a bound quiver. If (∆, R) is a bound quiver, then the algebra k∆/ R is called the path algebra of (∆, R).
Let R be a commutative k-algebra and (∆, R) a bound quiver. By an R-representation of ∆ we mean a collection M = (M x , M α ) x∈∆ 0 , α∈∆ 1 of free R-modules M x , x ∈ ∆ 0 , of finite rank and R-linear maps M α :
. . , α n ∈ ∆ 1 , and
for ρ = λ 1 σ 1 + · · · + λ n σ n with scalars λ 1 , . . . , λ n ∈ k and paths σ 1 , . . . , σ n ∈ x(k∆)y, where x, y ∈ ∆ 0 . By a morphism f :
the category of R-representations of (∆, R) is equivalent to the full subcategory mod Λ (R) of the category of Λ-R-bimodules formed by the bimodules M such that xM is a free R-module for each x ∈ ∆ 0 (see for example [1, Theorem III.1.6] for this statement in the case R = k).
We will identify such Λ-R-bimodules and R-representations of (∆, R). For M, N ∈ mod Λ (R) we denote by Hom Λ (M, N) the space of homo- N) . Similarly, for n ∈ N + we denote by Ext n Λ (M, N) the n-th extension group in the category of Λ-R-bimodules
In the rest of this section we will work in the category mod Λ = mod Λ (k) of Λ-modules for the path algebra Λ of a bound quiver (∆, R). For subcategories A and B of mod Λ we denote by A ∨ B the additive closure of their union, i.e. the full subcategory of mod Λ whose objects are M ⊕ N with M ∈ A and N ∈ B.
By a path in mod Λ we mean a sequence X 0 → X 1 → · · · → X n of nonzero maps between indecomposable Λ-modules for n ∈ N + . A Λ-module M is called directing if there exists no path of the form 
where for a Λ-module M we denote by add M the full subcategory of mod Λ consisting of direct sums of direct summands of M. Any tilting Λ-module T determines the torsion theory (T , F ), where
An algebra Λ is called tilted, if there exists a hereditary algebra Σ and a multiplicity free tilting Σ-module T such that Λ ≃ End Σ (T ) op . It is known that if Λ is tilted, then gl. dim Λ ≤ 2 and there are no oriented cycles in ∆.
Let M be a directing Λ-module. Then the support of M is convex [5, Lemma 1.1], where by the support of a Λ-module N we mean the full subquiver of ∆ whose vertices are all x ∈ ∆ 0 such that N x = 0. Moreover, a full subquiver ∆ ′ of a quiver ∆ is called convex if for each path
. Consequently, we may assume that considered directing modules are sincere, i.e. M x = 0 for all x ∈ ∆ 0 . If this is the case, then there exists a directing tilting Λ-module T , such that add M ⊂ add T [2] .
Assume now that T is a directing tilting Λ-module. We have the following properties, which are either a general statements of tilting theory or were proved by Bakke [2] . First of all, Λ is a tilted algebra.
Finally, modules in add T are uniquely determined by their dimension vectors and if [X, T ] = 0 and [T, X] = 0 for an indecomposable Λ-module X, then X ∈ add T . Now assume that Λ is tilted (more generally, gl. dim Λ ≤ 2 and there are no oriented cycles in ∆). We define the Euler bilinear form −, − :
We also have the Euler characterisitic χ :
Interpretations of extension groups
Throughout this section we assume that Λ is the path algebra of a bound quiver (∆, R). Moreover, R is a commutative k-algebra. Our aim is this section is to present interpretations of extension groups, which are useful in geometric considerations.
We first present a construction investigated by Bongartz [12] . For two collections U = (U x ) x∈∆ 0 and V = (V x ) x∈∆ 0 of free R-modules of finite rank we introduce the following notation:
and
If M ∈ mod Λ (R), then we denote also by M the corresponding collec-
for ρ ∈ x(k∆)y, where x and y run through ∆ 0 , in the following way:
for a path σ = α 1 · · · α n with α 1 , . . . , α n ∈ ∆ 1 , and
for all possible ρ 1 and ρ 2 with s ρ 1 = t ρ 2 . We define
. Moreover, we have a short exact sequence
, where the maps f Z and g Z are the canonical injection and the canonical projection, respectively. On the other hand, for every short exact sequence
such that the corresponding sequence splits, i.e. there exists
We also present interpretations of some other homological constructions.
Proof. We only prove the first assertion. The proof of the second one is dual. Fix Z ∈ Z V,U and let
, and this finishes the proof.
We would like to have an analogous interpretation of second extension groups and the homomorphisms
We first present an interpretation of second extension groups. For N ∈ mod Λ (R) we define R-representations P N and Ω N of (∆, R) and homomorphisms f N : Ω N → P N and g N : P N → N such that P N is projective in mod Λ (R) and the sequence
is exact, in the following way:
We now assume until the end of the section that R = k, i.e. we are working in the category mod Λ . Proposition 2.2. If M and N are Λ-modules, then the map
is an isomorphism.
Proof. Since P N is projective, the claim follows by standard homological algebra (see for example [21, Chapter III] ). (1) If Z ∈ Z U,M , then the homomorphism
From now on we identify Ext
is given by
where
Proof. We only prove the first assertion, the prove of the second one is analogous. Fix Z ′ ∈ Z V,U and let Z ′′ ∈ A Ω V ,M be defined in the way described in the proposition. One easily checks that
. In order to do this, it is enough to construct homomorphisms h :
We now construct a "smaller" model of Ext
for ρ ∈ R and n ∈ N sρ , if ρ = λ 1 σ 1 + · · ·+ λ l σ l for scalars λ 1 , . . . , λ l ∈ k and paths
In particular, Φ N,M induces an isomorphism
Proof. We first show that Ker
The definition of such h is recursive, namely
We now show that
hence the claim follows.
We remark that we could replace the assumption Λ is tilted by a more general assumption that there are no oriented cycles in ∆ and gl. dim Λ ≤ 2. Moreover, this assumption is necessary only for proving that Φ N,M is surjective, or more generally, in order to identify Im Φ N,M . We also mention, that the above obtained description of second extension groups is a trace of a much more general construction investigated by Butler and King [14] . In particular, using their results one could identify Im Φ N,M in a general case. Using the above isomorphism we can give another formulation of Proposition 2.3. This formulation could also be deduced from [14] . Let U, V and W be Λ-modules. For Z ′ ∈ Z V,U and Z ′′ ∈ Z W,V we define
Proposition 2.5. Let U, V and M be Λ-modules.
(1) If Z ∈ Z U,M , then, under the isomorphism induced by Φ V,M , the homomorphism
Proof. Direct calculations.
Module schemes
Throughout this section Λ is the path algebra of a bound quiver (∆, R). We define in this section the schemes of Λ-modules. We also investigate subschemes of products of module schemes consisting of pairs of modules with given dimensions of the homomorphism space and the first extension group.
For d ∈ N ∆ 0 and a commutative k-algebra R, let 
Consequently, we will usually treat Λ-modules as elements of mod
We now generalize a construction described by Zwara [24, Section 3] .
We briefly describe its construction. Fix a commutative k-algebra R. Recall that for V ∈ mod d ′′ Λ (R) we constructed in Section 2 the exact sequence
with P V projective. Iterating this construction we obtain the exact sequence
Recall that
Consequently,
y , x, y, z ∈ ∆ 0 , hence if we fix bases in x(rad Λ)y for all x, y ∈ ∆ 0 , then simple (although technical) analysis shows that there exists a morphism ϕ : mod
M p,q denotes the scheme of p × q-matrices. We define H
to be the inverse image by ϕ of the reduced subscheme of M p,q whose krational points are the p × q-matrices of rank r with coefficients in k (see [24, Subsection 3.2] ). Obviously,
and let π : R 0 → k be the canonical projection. Recall, that if F is a scheme, then for x ∈ F (k), F (π) −1 (x) can be interpreted as the tangent space T x F (k) to F (k) at x. The proof of the following proposition just repeats the arguments used in the proof of [24, Lemma 3.5], hence we omit it.
We now give another interpretation of this result.
for all ρ ∈ x(k∆)y with x, y ∈ ∆ 0 . This implies that the map
is well-defined and bijective.
Proof. We need to show that under the assumption [V, U] = d, the condition [N, M] = 2d is equivalent to the latter condition in the proposition. Observe that a homomorphism f : N → M is of the form
tα N α for all α ∈ ∆ 1 . The first condition means that f 0 ∈ Hom Λ (V, U), hence the dimension of the set of such f 0 equals d. Consequently, the condition [N, M] = 2d is equivalent to the statement that for each f ∈ Hom Λ (V, U) the set of g ∈ V 
Repeating the previous construction (using also Hom Λ (f
, U) this time) we define the subscheme E
Proof. We need to show that, under the assumptions
for all Z ′ ∈ Z V,U , and this finishes the proof according to Proposition 2.5.
Consequently, it follows from the previous lemma that
′′ for all i ∈ [1, n], hence the claim follows.
Lemma 4.3. If N is a minimal degeneration of M, then there exists an exact sequence
Proof. If there is not such a sequence, then the minimality of the degeneration M < deg N and [23, Theorem 4] imply that there exists an indecomposable direct summand X of N such that
Corollary 4.4. If U ∈ F and T ∈ T are such that U = 0 and U ⊕ V is a minimal degeneration of M, then there exists an exact sequence
Proof. According to the above lemma there exists an exact sequence 
Indeed, if N ∈ U 0 , then without loss of generality we may assume that N = U ⊕ V for U ∈ F d ′ and V ∈ T d ′′ . Consequently,
(here we use that T N mod 
